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QUANTIZATION EFFECTS FOR A FOURTH ORDER 
EQUATION OF EXPONENTIAL GROWTH IN DIMENSION 

FOUR 

FREDERIC ROBERT 


Abstract. We investigate the asymptotic behavior as k ^ +cxd of sequences 
{'^k)k£N ^ of solutions of the equations on Q, where Q is 

a bounded domain of and lim/c^+oo Vfe = 1 in The corresponding 

2-dimensional problem was studied by Brezis-Merle and Li-Shafrir who pointed 
out that there is a quantization of the energy when blow-up occurs. As shown 
by Adimurthi, Struwe and the author [3, such a quantization does not hold in 
dimension four for the problem in its full generality. We prove here that under 
natural hypothesis on Ar.^, we recover such a quantization as in dimension 2. 


1. Introduction 


Let 12 be a bounded domain of Let a sequence {Vk)k£n S such that 

lim Vfc = 1 (1) 

k^-\-oc 

in C;Q^(r2). Let (itfc)fcgN be a sequence of functions in (7^(0) such that 

A^Uk = {E) 

in 12 for all k G N. Here and in the sequel, A = —'^du is the Laplacian with 
minus sign convention. In this paper, we address the question of the asymptotics 
of the Wfc’s when k +oo. A natural (and simple) behavior is when there exists 
u G (7^(12) such that 

lim Uk = u (2) 

k—^-\-oo 

in In this situation, we say that (uk)kGti is relatively compact in 

However, the structure of equation (E) is much richer due to its scaling invariance 
properties. The scaling invariance is as follows. Given k G N, Xk G ^ and fj,k > 0 , 
we let 

Uk{x) ■■= Ukixk + fJ-kx)+\nfik (3) 

for all X G ~ Xk)- Letting Vk{x) = Vk{xk + fJ-kx) for all x G Mk^i^ ~ Xk), we 

get that the rescaled function Uk satisfies 

A^uk = 14 6^“'" 


on fif, ^(12—Xfc) - an equation like {E). This scaling invariance forces some situations 
more subtle that m to happen. A very simple example is the following: we consider 
a sequence {fJ,k)ken € such that limfe^+oo IJ-k = 0 and for any k G N, we define 
the function 


fkix) = In 


+ \x\'^ 
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for all X G R'^. Then fk satisfies {E) with 14 = 1 for all k G N. The sequence 
(/fe)feeN does not converge in we have that 

lim /fc(0) = +00 and lim fk = —oo uniformly locally on R^ \ {0}. 

fe—»+oo k —»-+oo 

In addition, we get that 

VkC'^^’’ dx IfiTT^do 

when k —>■ +oo weakly for the convergence of measures. Scaling as in 0, we get 
that 

lim fk {nkx) - fk (0) = In 
k^+oo .^96 + \xY 

for all X G R"*. Concerning terminology, we say that the sequence {uk)kGH blows-up 
if it is not relatively compact in CfQ^(n), so that, up to any subsequence, © does 
not hold. In the above example, the (/fc)’s blow up. In this paper, we are mainly 
concerned with the blow-up behavior of solutions of {E). 

In dimension two, the corresponding problem has been studied (among others) 
by Brezis-Merle |3] and Li-Shafrir 1^. We also refer to Druet and Adimurthi- 
Struwe 12] for the description of equations with more intricate nonlinearities and to 
Tarantello M for equations with singularities. Li and Shafrir proved the following: 

Theorem 1.1 (Li-Shafrir |S]). Let E be a bounded domain ofMf, (t4)feGN G (^^(S) 
be a sequence of functions such that limfe^+oo 14 = 1 in C;q^(E), and {uk)kGH € 
C^(S) be a sequence such that 

Auk = Vke^^’^ 

in E for all A: G N, and such that there exists A G R such that 14e^“'‘ dx < A for 
all k gN. Then either (i) the sequence (uk)keti is relatively compact in C^(n), or 
(a) there exists N G'H, there exist xi,...,XAr G fl, there exist ai,...^aN G N* such 
that, up to a subsequence 

N 

i=l 

weakly for the convergence of measures when k -foo. Moreover, limfc^+oo Uk = 
—oo uniformly locally inE \ {xi, ...,XAr}. 

We refer to this statement as a quantization result. The justification of this 
terminology is as follows: if in Theorem II .11 we have blow-up (that is case (i) 
does not hold), then for any w CC S such that duj fl {xi,..., xat} = 0, we have that 
limfc^+oo Xj dx G IttN. Moreover, the sequence {uk)ken develop singularities 

on a set at most finite, that is {xi, ...,XAr}. 

Surprisingly, such a quantization result is false when we come back to our initial 
four-dimensional problem (E). In a joint work with Adimurthi and Michael Struwe 
PP, we exhibit a sequence of solutions to {E) that blows-up, carry a non-quantified 
energy and develop singularities on a hypersurface of R^. In pp, we described the 
behaviour of arbitrary solutions to {E) and proved that any blowing-up sequence 
{uk)kefi concentrates at the zero set of a nonpositive bi-harmonic function, and that 
outside this set, limfc^+oo Uk = —oo uniformly. In view of the examples provided 
in this result is optimal. Therefore, giving a more precise description requires 
additional hypothesis on (itfe). 



QUANTIZATION 


3 


A natural hypothesis is to impose a Navier boundary condition, (that is Uk = ^Uk = 
0 on 9f2) or a Dirichlet condition (that is Uk = ^77 = 0 on dVl): actually, in these 
cases, we get that there is no blow-up and we recover relative compactness. Wei 
[B] studied a problem similar to {E) assuming that = 0 on 90 and Uk = Ck on 
dVt, where {ck)keti € R is a sequence of real numbers such that limfe^_|_oo Ck = — 00 : 
in this context, Wei describes precisely the asymptotics and recovers quantization. 
Another natural hypothesis is to assume that the functions Uk are radially sym¬ 
metrical: in this situation, we describe completely the asymptotics in |12|. In all 
these situations, the critical quantity to observe happens to be Auk as shown in 
the following example. We let a € (0, IGtt^). It follows from ^ that there exists 
V € C'^(]R^) radially symmetrical such that v < v(0) — 0 and 

A^v = in and f dx = a. 

Js.^ 

Contrary to the two-dimensional case, where the only solutions to the corresponding 
equation are of a type similar to fk with a quantization of the energy, we get in four 
dimensions many solutions with arbitrary small energy. More precisely, it follows 
from 1^ that there exists C > 0 such that Av{x) > C for all x € R^. For any 
k G N*, we define the function 


gkix) = v{kx) -I- In fc 

for all X £ R'^. As easily checked, due to the scaling invariance m of (E), gk verifies 
(E) with 14 = 1. We also get that the sequence {gk)kGi^ blows up. It follows from 
straightforward computations that 

lim / 14 dx = a. 

k^+oc Jbi{0) 

Moreover, for any w C R'^, we have that 

lim Agk = -foo 

k — >■+00 

uniformly in cu. Since a > 0 can be chosen as small as we want, we then get blowing- 
up sequences with arbitrary positive small energy, and there is no quantization here. 
Note that concerning the sequence {fk)keti of fho first example, we have that for 
any w CC R"' \ {0}, there exists C{uj) > 0 such that 

|A/fe(x)| < C{uj) 

for all fc £ N* and all x G uj. The fundamental difference between the (/fe)’s and 
the (gkY^ is that in the first case, the Laplacian is bounded outside the singularity, 
and in the second case, the Laplacian goes to -l-oo uniformly. This fact is actually 
general. The objective of this paper is to prove the following result: 

Theorem 1.2. Let LI be a bounded domain o/R^, (Vk)k&n £ C'°(n) be a sequence 
such that m holds, and {uk)k^fi be a sequence of functions in such that (E) 

holds, and such that there exists A > 0 such that t4e‘*“*' dx < A for all k G N. 
Assume there exist C > 0 and loq CC LI such that ||(AMfe)_||i < C and 
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for k G N. Then (i) either {uk)ken is relatively compact in or (ii) there 

exists iV G N, there exist xi ,xn G fl, there exist ai ,un G N* such that 

N 

Vke^'^^ ^ 167r‘^ai6xi 

weakly in the sense of measures when k —> +oo up to a subsequence. Moreover, still 
in Case (ii), we have that linifc^+oo Uk = —oo uniformly locally infl \ {xi, ...,a;Ar}. 

As a remark, note that the control of the positive part of is only required 
on an arbitrary subdomain of Tl. This result is optimal as shown in the preceding 
example involving the function gk- In a joint work with Olivier Druet [S|, we studied 
the corresponding problem on four-dimensional Riemannian manifolds, where the 
bi-Laplacian is replaced by a fourth-order elliptic operator refered to as P: when 
the kernel of P is such that KerP = {constants}, we get similar results as in 
Theorem ll.2l with the additional information that Oi = 1 for all z G {1,..., A}. The 
techniques used in are different from the techniques used here: the main reason 
is that for equation (E), the kernel of the bi-Laplacian contains more than the 
constant functions. Related references in the context of Riemannian manifolds are 
Malchiodi ^0] and Malchiodi-Struwe m]. As a remark, the corresponding question 
in dimension n > 5 was considered in Hebey-Robert [3. 

This paper is organized as follows. In section|2 we prove that under our hypothesis, 
concentration holds on finitely many points and not on a hypersurface. In section 
13 we prove that, up to rescaling, the Uk’s converge to a generic pattern when 
k -too. In section^ we analyse precisely the blow-up and we prove Theorem 
o in section [3 In the sequel, C denotes a positive constant, with value allowed 
to change from one line to the other. Note also that all the convergence results are 
up to a subsequence, even when it is not precised. 

Acknowledgement: the author thanks Adimurthi and Michael Struwe for hav¬ 
ing pointed out this problem, and also thanks them for stimulating discussions. 
The author thanks Emmanuel Hebey for stimulating discussions on this problem. 

2. Construction of the concentration points 

In the sequel, we let II be a bounded domain of We let a sequence a sequence 
{Vk)ken G such that holds. Let {uk)kGN be a sequence of functions in 

C'^(n) such that {E) holds. We assume that there exists A > 0 such that 

[ Vke^^'‘dx<A (4) 

Jn 

for all k G N. We assume that there exist wq CC H and C > 0 such that 

IIAufelliq^^o) ^ C” (5) 

and 

|i(Azzfe)_||i<C ( 6 ) 

for all k G N. The objective of this section is to prove that the (itfe)’s concentrate 
at a finite number of points. This is the object of the following proposition: 

Proposition 2.1. Let LI be a bounded domain of . Let a sequence (I4)feGN G 
C°(n) such that 0) holds. Let {uk)kGN be a sequence of functions in such 
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that (E) holds. We assume that there exists A > 0 such that 0) holds. We assume 
that and hold. We let 

:= i a; G fi/liminf liminf [ 146^“'“ dy > Stt^ > . (7) 

which is a finite set. Then for any to CC fl\ Sq, there exists C{uj) > 0 such that 
|Aufe(a:)| < Cfjj) and Uk{x) < Cioj) 

for all X G Lo and all k G N. More precisely, we are in one and only one of the 
following situations: 

(Al) there exists u G \ S'o) such that 

lim Uk = u in Cf^^{Bs{xo)) 
fc—* + 00 

(A2) lim/c^+oo Uk = —oo uniformly locally on il\ Sq. 


The proof of ProDOsition l2.1l Droceeds in two steps. Note that it follows from 0 
that So is at most finite. We let a sequence {Vk)keN G such that (^ 3 ) holds. 

Let (uk)keN be a sequence of functions in such that (E) holds. We assume 

that there exists A > 0 such that Q) holds. We assume that 0 and @ hold. 

Step [ 2 JI: We let xq G it \ Sq. We claim that we are in one and only one of the 
following situations: 

(Bl) there exists u G C^{Bs{xo)) such that lim/c^+oo Ufe = u in Cf^^{Bs{xo)). 

(B2) there exists 4> & C^iBs{xo)) such that = 0, ^ < 0, ^ 0 there exists a 

sequence {/3k)ke'M G R+ such that limfe ^+00 Pk = +00 and 

lim ^ = 0 
k^-\-oo jjk, 

in ClciBs{xo)) ri{(j)< 0}. 

Proof of the claim: This claim is a particular case of the Theorem obtained in ^ . 
As a preliminary remark, note that the two cases (Bl) and (B2) are disjoint. Since 
Xq G fl \ So, we let (5 > 0 and a < Stt^ such that 

I 14 6 ^“'“ dx < a < 

J Bs{xo) 

for all k gN. We let Vk such that 

A'^Wk = in Bs(xo), Wk = Awk = 0 on dBs{xo). ( 8 ) 

It follows from (see also m that there exists p > 1 such that 

[ < C (9) 

J Bs(xo) 

for all k gN. We let hk := Uk — Wk on Bs{xo). Clearly A'^hk = 0. It follows from 
0 and 0 that ||(/ife)+| 4 i(Bj( 3 .jjp = 0(1) when k + 00 . We distinguish two 
situations: 

Case 01.7 ; We assume that \\hk\\L':-{Bs/ 2 (xo)) = when k + 00 . Since hk is 
bi-harmonic, there exists hoo G C'^{Bs{xo)) such that 


lim hk = hoo 

k —>+00 


(10) 
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in CiociBs{xo)). We refer to [T] for details about this assertion. Plugging m and 
m in 0, we get that (wfc)fceN is bounded in Cig^{Bs{xo)), and so is {uk)kGn- It 
then follows from standard elliptic theory that there exists u G C'^{Bs{xo)) such 
that limfc^+oo Uk = u in Cf^^{B s{xq)), and we recover Case (Bl) of the claim. This 
proves the claim in Case 1.1. 

Case\^1.2: We assume that limfc^+oo ||/ifc||Li(Bj/ 2 (a:o)) = +oo. Since hk is bi¬ 
harmonic, there exists (p G ^^{BsixQ)) \ {0} such that = 0, (^ < 0, there exists 
a sequence (/3fe)fcGN G such that limfc^+oo Pk = +oo and such that 


lim 
fc—)' + 00 



( 11 ) 


in C^^^{Bs{xo)). We refer to [T] for details about this assertion. In particular, 
hk —> —oo uniformly locally on cp < 0. Arguing as in Case |21 1.1, we then obtain 
that (?Wfc)fcgN converges in Cf^^{Bs{xo) fl {^ < 0}). It then follows from (tTTll that 
limfc^+oo ^ = (pin Ci^^{Bs{xQ)fi{(p < 0}), and we recover Case (B2) of the claim. 
This proves the claim in Case Ell.2. □ 


Step[2l2: We are in position to prove Proposition vn\ Since fl \ 5'o is connected 
and harmonic functions are analytic, it follows from Step Ell that we are in one 
and only one of the following situations: 

Case\^2.1: There exists u G C"*(n\ S'o) such that lim^^+oo Uk = u in 
In this situation, we recover Case (Al) of ProDOsition l2.ll 

Case\^2.2: There exists (p G C^(fl \ Sq) such that A'^cp = 0, p < 0, p ^ 0, there 
exists a sequence {l3k)keN S K+ such that lim^^+oo Pk = +oo and 

lini ^=^inCL(lln{</.<0}\5o). (12) 

fc—>- 1-00 Pk 

We claim that Ap = 0. Indeed, there exists x G ojq (wq was defined in ©) such that 
p{x) < 0 (otherwise ^ = 0 on wq and then p = 0 on fl\So since harmonic fonctions 
are analytic. A contradiction). We then get that 11211 holds in a neighborhood 
of xq. With ©, we then get that = 0 in a neighborhood of x. Since Ap is 
harmonic, and therefore analytic, we get that Ap = 0 on 11 \ S'o. This proves the 
claim. 


Since p ^ 0, p < 0 and Ap = 0, it follows from the maximum principle that p < 0 
on H \ Sq. Consequently, 


lim ^ = pinCl^{n\So). 

k—>+oo pk 

In particular, we get that limfe^+oo Uk = —oo uniformly locally on H\ Sg. With the 
equation (E) and ©, it follows from elliptic theory that either lim^^+oo Auk = -l-oo 
uniformly locally in ll\So, or (Auk)keN is uniformly bounded when k -too locally 
in n \ Sq: it follows from hypothesis 0 that the first situation cannot hold, and 
we get that Case (B2) of ProDOsition l2. II holds. 

Clearly ProDOsition l2.1l is a consequence of Steps Ell and El2- 
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3. POINTWISE ESTIMATES 


This section is devoted to the proof of the following Proposition: 


Proposition 3.1. Let Ll he a bounded domain o/R^. We let a sequence (t4)fceN £ 
C'''(n) such that 0J) holds. Let {uk)ken be a sequence of functions in (7^(11) such 
that {E) holds. We assume that there exists A > 0 such that 0) holds. We assume 
that © and © hold. We assume that 

5o^0. 

Then there exists N G N*, there exists families of points (xi^k)kGti, •■•j {xN,k)k&n ^ 
LI such that for all i G {1, N}, we have that limfc^+oo Xi^k = Xi G Sq and such 
that for any uj CC LI, there exists C{uj) > 0 such that 

( inf \x — Xi k\)e'^'‘''^'^ < C(u!) and { inf \x — Xi k\y\^Uk{x)\ < CUu) 


for all k G N and all x G ui. Moreover, 


lim 


\^i,k 


iiiix -= +00 for all i f=- j, 

k^ + oo 

and for any i G {1, N} and any x G we have that 

lim iukix,,k + - Uk{x,,k)) = In ^ 

k^+oo y/gQ + 

Moreover, this convergence holds in Cfg^(R^). In addition, lim^^+oo Wfe = 
uniformly on every compact subset of LI\Sq. 


—oo 


This section is devoted to the proof of Proposition 13.II We let w CC fl. Up to 
taking w larger, we assume that Sq C oj. We follow the proof of m We let Xk G u! 
such that 

Ukixk) = SUpWfe. 

LJ 

Since S'o 7^ 0 and Sq C uj, we get that limfe ^+00 Uk(xk) = +00. In this situation, 
it follows from Proposition [Q that limfe^_|_oo Xfc = xq G •S'o H w = S'o n w. We let 
<5 > 0 small such that 

B2s{xk) C u} 

for all k G N. We dehne 

Hk ■= and Vkix) := Uk{xk + t^kx) - Uk{xk) (13) 

and Vk{x) := Vk{xk + p-kx) for \x\ < ^ and all k gN. Equation (E) yields 

AV = 14e^"^ (14) 

with Vk(x) < Ufe(O) = 0. 

Step ©1: We claim that there existe C > 0 independant of k and R such that 

[ \Avk\dx <CR^ + CR'^yLl (15) 

Jbr{0) 

for all A: G N and all R < We prove the claim. We let Gs,k be the Green’s 

function for the Laplacian on Bs{xk) with Dirichlet boundary condition. We get 
that 

Auk{z) = / Gs,k{z,y)A'^Uk{y)dy + ipk{z) 

J Bs{xk) 
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for all z G Bs{xk), where ipk is the unique harmonic function on Bs{xk) such that 
fkiy) = Auk{y) for all y G dBs{xk)- With Proposition 12.11 and the comparison 
principle, we get that there exists C > 0 such that 


\Vk{z)\ < C 


(16) 


for all z G Bs{xk)- We let x G M"' such that |a;| < Using the definition itT^ 

of Vk, we get that 

Avk{x) = / yL'iGs,k{.y-kX,y)A^Uk{y)dy + yLlipk{xk+ykx). 

J Bs{xk) 

Integrating this equation, using {E), 0), llTCI) and standard estimates on the Green’s 
function, we get that 

f \Avk\dx < cf f y.lGs,k{ykX,y)e'^'^’‘^^'>dydx + CR‘^y,l 

JBr(O) JxGBr(O) JvGBxixL.) 


<c e 

•1 Bs(xk) 


x^Bnifi) JyeBs(xk) 
Aukiv) 


Mfc 


dx] dy + GR^ni 


' Bsixk) 

for all k G N. This proves the claim. 


\JBRio) Wx - y\ 

< G [ (C'i?2) dy < C'Ai?2 + GR^nl 

j B/i(Xlr) 


Step 1^2: We claim that for any a; G we have that 

^/Q6 

lim Vkix) = In ■= Uo{x), (17) 

k^+co v96+|a;p 

moreover this convergence holds in We briefly prove the claim. With (I15II . 

we get that Avk is bounded in Lj^^. Since Vk < Vk{0) = 0, it then follows from itTHl 
and standard elliptic theory that, up to a subsequence, there exists v G 
such that limfe^+oo ffe = f in with and G L^(IR'*). Passing 

to the limit A: ^ +oo in OSl) and using the classification of Lin [^, we get that 
V = Uo- We refer to m for details about the proof. In particular, we get that 


lim lim f 14 dx = 

Step|ni3: We claim that there exists N G N*, there exist {xi^k)kGn, ■■■, {xN,k)ken 

such that 

( inf |a; - a;i,/c|)e"''(’'^ < (7(0;) (18) 

for all a: G o; and all fc G N. Here Xi^k ■= Xk- 

Proof of the claim: If there exists C{uj) > 0 such that \x — Xk\e^’’^^'^ < G{uj) for all 
A: G N and all x G uj, then we are done. Otherwise, let yk GoJ such that 

sup \x — Xk\e^'‘^^'^ = \yk — a;fe|e“'‘^^'‘^ ^ +oo (19) 

X^UJ 

when k + 00 . We define 

Ukix) := Uk{yk + Vkx) - Ukiyk) 

for all x G — yk), where I'k = for all A: G N. It follows from 11911 

that Uk is bounded from above uniformly locally on independantly of k. We 
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proceed as in Steps Ell and|2l2 and prove that Uk converges to C/q in and 

that these two rescaled functions do not interact one with the other. We then add 
another level of energy If holds with Xi^k = Xk and X 2 ,k = Uk, then we 

are done. Otherwise, the process goes on and must cease, because when we have 
constructed N points, we have that the energy Idn'^N and with 0 we must have 
Idn'^N < A. We refer to ^31 for the details. □ 

Step Eld: We claim that 

lim Uk = —oo 

k —>-+oo 

uniformly on every compact subset of O \ S'o. 


Proof of the claim: We prove the claim by contradiction and assume that the 
conclusion is false. It then follows that point (Al) of Proposition 12.11 holds, and 
then that Uk is uniformly bounded in \ S'o). We let xq G Sq and <5 > 0 

such that B 2 s{xo) C hi and B 2 s{xo) H Sq = {xq}. We let ccfc G hi such that 
Uk{xk) = sup 5 ^( 2 ,|j) Ufc and we define Vk and ^k as in H13II . As in the proof of 
Proposition rm we get that limfc^+oo Xk = xq & oj H Sq and that 03 holds. We 
let Hs be the Green’s function for in Bs{xo) with Navier condition on the 
boundary, that is for any x G Bs{xo), we have that A‘^Hs{x, •) = in V[Bs{xq)) 
and Hs{x, ■) = AHs{x, •) = 0 on dBs{xo). For any x G Bs{xo) \ {xq}, we then have 
that 

Uk{x) = [ Hs{x,y)Vk{y)e'^'^’‘^y''dy + ipk{x) 

J Bs{xo) 

where A'^ipk = 0, ipk{y) = Ukiy) and Aipk{y) = Auk{y) for y G dBs{xo). It 
follows from point (Al) of Proposition m \ and the comparison principle that ipk is 
uniformly bounded when k +oo. Since Hs > 0, we get with o, {Ef a change 

of variable and 03 that 

Uk{x) > f Hs{x,y)Vk{y)e^'"^^y^ dy - C 

J(xh) 

> f Hs{x,Xk + fJ.kx)Vk{y)e^'”^^y'> dy - C 
Jbr{o) 


> 


Hs{x,xo) lim (Vk{y)e‘^'“*‘^'^A dy 
, k—*-\-oo \ J 

In T-r 

\X — Xq\ 


/Sii(O) '"^+° 

With standard properties of Hs^ we get that Hs{x,Xo) > ^ la \ x-xn\ ~ ^ 
X G Bs/ 2 {xo). We then get with (tlTIl that 

1 


Uk{x) > 2 In ■ 


|a; - xo\ 


-C 


for X G Bs/2{xq), X xq and k large depending on a lower bound on |x — a;o|. We 
then get that for any 0 < a < f) small, 

A > / 14e'*“'= dx > C f dx, 


' Bp{xo)\Boi{xo) 


IBfiixo)\B^ixo) F - 2^01 


for k large depending on a. We then get a contradiction by letting a —> 0. Then 
Case (Al) of Proposition 12.11 does not hold and Case (A2) holds. We then get that 
limfc^+oo life = — oo on compact subsets of fl \ 5*0 when k +oo. This proves the 
claim. □ 
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StepEJS: We claim that for any w CC there exists C{uj) > 0 such that 

( inf \x - Xi^k\f\/^Uk{x)\ <C{uj) (20) 

for all a: G w and all fc G N. 

Proof of the claim: We let xq G S'o and let <5 > 0 such that Bssixo) C and 
Bssixo) n S'o = {aio}- We denote Hs the Green’s function for A on B 2 s{xo) with 
Dirichlet boundary condition. It follows from Green’s representation formula that 

Auk{x) = / Hs{x,y)A^Uk{y)dy+ f)k{x) (21) 

J B 2 s{xo) 

for all X G B 2 s{xq). In this expression, ifk is such that Aipk = 0 in B 25 (xq) and 
'f’kix) = Auk{x) on dB 2 sixo). It follows from Proposition 12.II and the comparison 
principle that there exists Cs > 0 such that 

\Mx)\ < Cs (22) 

for all X G B2s{xo). We consider a sequence {yk)kGN G Bs{xo) that converges. We 
assume that limfc^+oo ?/fe = xq when k —> +oo. With standard properties of the 
Green’s function, El) and CT . we get that there exists C > 0 such that 

" p4iifc(y) 

■dy + C. 


\Auk{yk)\ < C 


B 2 .G 0 ) \y^ - y\'^ 


yk-Xi,k 


and 


We let Rkix) = infigji^ \x - Xi^k\ for all a; G fl, we let 9i^k = 

= { 2 / G B 2 s{xo)/R k{y) = \y-Xi^k\}- With 0 and the pointwise estimate 
we then get that 


\Auk{yk)\ < C [ 

Je 


+C 


+c 


-2""^— 


N 


\yk-Xi k\ 

- 2 - 

N 


< 


< 


i—1 

-2- 

N 


2=1 

N 

^E 

2=1 

I 

+^E 




+c 


\Vk-=^i,k 

- 2 - 

1 


j=i •tB2sGo)\B|„^_^. (£Ci,fc) l2/fc y\^\xi,k y\ 

2 ^ 

^ r g42ifc(y) 

B ^ 


I 

- 


2=1 ' 
N 


' \vk-^i,k 


I Bk{yk)‘ 


■dy + C 


^ ^E 


1 


■ dz ■ 


C 


Rk{yk) 


C 


(23) 


Jk+Bi ( 0 ) Rk{ykY\9i,k — 

2 

for all /c G N large enough, and then 

Rk{ykf\Auk{yk)\ = 0 ( 1 ) 

when k +00 in case limfc ^+00 yk = Xq- When limfe^+oo yk 9 ^ xg, inequality 12311 
is a consequence of Proposition 12. II Since the sequence yk is arbitrary, this proves 
12011 on Bs{xo). As easily checked, 12011 follows from this estimate taken in the 
neighborhood of each of the points in Sq and Proposition 12.II □ 

Proposition ISU is a consequence of StepsEll to|Sl5. 














QUANTIZATION 


11 


4. Blow-Up analysis 


The proof of Theorem o goes through an induction that will use the following 
proposition. The paper of Li-Shafrir [5| was a source of inspiration. 

Proposition 4.1. Let xo € i5 > 0 and A > 0. We let 14 S C°{B4sixo)) such 
that limfe^+oo Vk = 1 in C'^{B 4 s{xo)). We let Uk G C‘^{B 4 s{xo)) such that 

A^uk = 


in B 4 s{xq). We assume that 


(24) 

(25) 


/ dx < A 

J B4^5{xq) 

for all k G N. We let pfc > 0 such that limfc^+oo pk — 0. We assume that there 
exists {xk = xi^k)ken, ■■■AxN,k)ken G B 4 sixo) such that for any i G {1,...,A^}, we 
have that 

lim Xi^k = xo and lim Uk(xi^k) = +oo. (26) 

k —^+oo ’ k —>+00 ’ 

Moreover, we assume that there exists C > 0 such that 


inf \x-Xik\e 
ie{i....,iv} 


< C and inf \x — Xi k\'^\Auk{x)\ < C (27) 

iG{l....,IV} 


(28) 


for all k gN and all x G B 2 s(xk) \ Bp^.{xk)- We assume that 

- 1 3 / 7 ^ ^ T A* I 

lim lAA - hUl = +00 

fc^+00 /ii 

for alii ^j, i,j G {1,...,A^}. In this expression, we have let pi^k = We 

assume that 


lim {uk{xi^k + Pi,kx) - Uk{xi^k)) =Ik4 


k — »-+CXD 




(29) 


for all X G and that this convergence holds in C'jq^(M^). ITe let {rk)ken such 
that Tfe > 0 for all k G N and that lim^^ +00 Tfc = r G [0, i5]. We let 

/ := G {2, ..., N} j -Ah. - 1 — 0(1) when k -l-oo|’ . (30) 

Note that I may be empty. We let Xi = limf-^+oo for i G I. We assume 

that Xi 0 for all i G I and that 

Pk = o{rk) 

and that pk = pi,k = o(rk) when k —>■ -|-oo. ITe let v, R such that 


(31) 


1 


and 


0 < u < —min{{|ii|/j G /} U {|ij - Xj\/i,j G I, Xtf^ Xj}} (32) 


3max{|xi|/i G /} < i? < —. 

Zr 


In case r = 0, we let 4- = -foo. We let 


Bk ■ — Bf^j.,, {Xk ) \ Buj.,, {Xi^kh}- 


iGl 


( 33 ) 
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Then, if = o(pk), we have that 

lim / dx = 0. 

J Dk\B2p,^{xk) 

UPk = 0 {pk), we have that 

lim lim [ _ fix = 0 . 

it^+oc, (xfc) 

This section is devoted to the proof of the proposition. Up to relabelling the 
Xi’s, we assume that there exists ^ : {1,..., 1} ^ {1, N} such that X 0 (i) ^ 
for all i ^ j, and 

{i,/ ie 1} = {xp,)/i e {1, 1}} , and / = {2, (j){l)}. (34) 

Moreover, we assume that (f is increasing and Xj = ai 0 (i) for all j such that (f>(i) < 
j < 4>{i + 1). Note that 1^1 and that ())(1) ^ 1. For all i G {1, we let 


^i.k • — 

Tk 


(35) 


Step|4jl (Rescaling): We let 


^k 


B3r{0) \ [J B,j{x^(^i)^k) 


i=l 


\Spt(0). 

’’fc 


With the choice (|S3) of R, we have that Xk + VkX G B 2 s{xk) C B 4 s{xo) for all 
X G Ufc. We let X G 0^, and j G {1, N}. We distinguish three cases: 

Case^l.l: We assume that j G I. We let i G {1, 1} such that 4>{i) < j < 4>{i + l). 
Then, with (EH), ES, the definition E3) and the choice of the numbering of the 
ij’s, we have that 


\xk+rkX-Xj^k\ = 


> 


rk\x - Xj^k\ > Tk (|t - - 1 ^ 0 ( 1 ),fc - Xj^k\) 

rk{i^+ o{l))>rk'^>rk^\x\. (36) 


Case^l.2: We assume that j G {2, ...,N} is such that j ^ I. Then with E3i the 
definition ll^ and the definition EOIl of I, we get that 


\xk + TkX - Xj^k \ =rk\x- Xj^k 


> Tk (|ii,fc| - 3i?) >rk> ^\x\ 


(37) 


Case^l.3: If j = 1, we get that 

\xk +rkX - Xk\ = rk\x\ > pk- 


(38) 


It follows from that 

inf \xk+rkX - Xi^k\>C{v,R)rk\x\ (39) 

and Xk + TkX G B 2 s{xk) \ Bp^^ (xk)- 
for all X G Ufe. For x G S 3 r( 0 ), we let 

Uk{x) := Uk{xk + Tkx) + Inrfc. (40) 

It follows from El, El and El that there exists C > 0 such that 

in B 3 r{ 0 ) 


( 41 ) 
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and 


|2.|giifc(a;) < (j |a;p|Aufc{a;)| < C (42) 

for all X G rifc. Here, we let 14{a^) := 14(a;fc +rkx) for all x G and all k gN. 

Step|4l2 (Harnack inequality): We claim that there exists C = C{i',R), there 
exists (3 = f3{v,R) > Q such that 

P sup Uk < inl^ Ufc + (1 — /?) In r + C (43) 

9(S.(0)\UUi S24£.#.(i),)=)) 9(Sr(0)\UUi 

for all r > 0 such that 


*3>Pk 

Tfc 


<r<2R. 


Proof of the claim: We let Sfc > 0 such that ^ < Sk < 2.R. Up to a subsequence, 
we assume that limfe^+oo sis = s > 0. We distinguish two cases: 

Case\^2.1: We assume that 

4 

0 < s < -u. (44) 

5 

With (I32II and we get that 

Bi{0)\Bi{0) c —. 

" Sk 

For any x G H| (0) \ B i (0), we define 

Uk{x) = Uk{skx)+lnsk. (45) 

It follows from that there exists C > 0 such that 

Uk{x) < C and |AC/fc(x)| < C (46) 

for all fc G N and all x G Bb (0)\i3i (0). It then follows from the Harnack inequality 

that there exists /3, C > 0 such that 


P sup Uk < inf Uk + C (47) 

9Bi(0) 9 Bi(0) 


for all k G N. Coming back to Uk with using the assumption (O, (I22Ii and 
(PI we get that 

d (^B«,(0) \ U B2.(i^(q,fe)^ = 5B,,(0) 
and then follows from (EH. This ends Case 112.1. 


Case\^2.2: We assume that 


-V < s < 2R. 


We let 


B3fl(0)\UB|,(i,^(q) \B.(0). 


2=1 


It follows from (PI and m that 


(48) 


^ C fife 


for k > 0 large enough. Moreover, it follows from (EH and (El that the balls 
B|(0), B5^(x^(i)), (i G {!,...,?}) are disjoint and contained in B2 _r( 0). We then 
get that A is connected. 
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It follows from (PI that there exists C > 0 such that 

Uk{x) < C and |A'Ufc(x)| < C 

for all a; in a neighborhood of A. With Harnack’s inequality, we get that there 
exists /3, C > 0 such that 


/3 sup Uk < inf Uk + C 
A 

for all k € N. With (l,S2|l . (I,'hill and < s < 2R, we get that 
^ \ U C A. 

With (HHll . we get that there exists /3 = i3{u, R) > 0, C = C{v, i?) > 0 such that 
P sup Ufc < inf_ Uk + {1 — P) In Sk + C 

for all k G N. This ends Case0]2.2, and the proof of the claim is complete. □ 

Step|4l3 (Upper bound): We claim that there exists 0 > —1, there exists Rq > 0 
such that 


Mfe < - 1 + 


sup 

for all fc G N where Sfe > 0 is such that 


1 + 1 
P 


1 + 0 rk 

Insfc-— In-^+C 

P fJ-k 


Sk G 


— ,2R 
rk 


and 


Sk G 


J^OMk 

rk 


,2R 


if fik = o{pk) 

if pk = 0{pk)- 


(49) 


(50) 

(51) 


Proof of the claim: We let Uk defined as in (1131) on We assume that 

^ k 

0<s <8m (52) 

Let Hk be the Green’s function of on 


i 

Vk :=Bi(0)\ 


\ ) 


Si(0) 


with Navier condition on the boundary, that is for any x G Vk, we have that 
A‘^Hs{x,-) = 6x in the distribution sense, Hs{x,-) = AHs{x,-) = 0 on dfl. Note 
that the preceding inequality is a consequence of (13^ . (I331l and (I331l . With (1331) 
and (|33|, we get that 0 G Vk- It follows from Green’s representation formula that 


where 


Uki0)= [ Hki0,y)A‘^Uk{y)dy + ipki0)+M0) 

■l-Dk 


f Apk =0 inVk \ , 

\ ipk = Uk on dVk I 


A'^ifk =0 \nVk \ 

Atpk = AUk on dVk > 

ipk = 0 on dVk j 


(53) 


( 54 ) 
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It follows from (EU, El and El that 

dVk=dBi{Q) c —. 

Sk 

We then get with El, the maximum principle and El that there exists C > 0 
such that 

\M0)\ < C (55) 

for all fc G N. It follows from the comparison principle and El that 

V?fe(0) > inf Uk- (56) 

dDk 

We let i? > 0. Moreover, with El, El we get that 

S^(0)C 951/2(0) cPfc (57) 

with i?o > 25. Here, we have let /ife = Noting that Hk > 0, we 

get with 15311 ■ I55II . 15611 and E3 that 


Uk{0)> / HkiO,y)A^Uk{y)dy+iniUk-C. 

It follows from standard elliptic estimates that there exists (7 > 0 such that 

for y G 5i/ 2(0) \ {0}. We then get that 

Uk{0) > [ f A A - ^^Uk{y) dy + inf Uk - C. 

\y\ J 

With the change of variable y = (where /ife = yi^k = 6““'=^“''^) and coming 

back to the definitions El and El, we get that 

ln!M^ > [ + J_ln7 

/ife Jb^(0 ) Mfe OTT^ hI / 

+ inf Uk — C. 

dVk 

With El, we then get that 


C(5)> fl +In^+inf t/fc, 

\ 8tt^ I fik 9Vk 

with lim^^_|_^ limfc^+oo 0fe(5) = 0. Choosing R large enough, and then choosing 
Ro > 2R large, we get that there exists 9 > —1 such that 

(l + 0)ln^+ inf Uk, 

Ilk aVk 

for all k G N. Coming back to Uk and using El, we get the inequality of the 
Lemma. This ends the proof of the claim when 1521) holds. In case El does not 
hold, the claim follows from the case Sk = lv and the Harnack inequality El- □ 
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Step 1314 (Proof of Proposition 14.111 : We let yk e B2r{0) \ Ui=i 
such that 

\yk\ > if y-k = o{pk) or \yk\ > if pf. = 0 {yk), 

Tk Tk 

where Rq is as in TO . We let Sk = |yfc|, so that 


Uk € ^ I (0) \ 




It follows from TO that 


Uk{yk) < - 1 + 


1 + 0 

f3 


In \yk\ - In — + C. 

p Pk 


We distinguish two cases: 

Case W-1 : We assume that pk = o{pk)- We then get with it^ that 

/ p4iifc(y) 


'(B2R(0)\Ui = l B2t, {x4,(i),k))\B 3pi. (0) 


< c 


'B2Ri0)\B^{0) \ '^k 


1 




■dy<C 


(58) 


= 0 ( 1 ) 


when k —> +oo. Coming back to the definition of Uk and the relabelling (EH), this 
proves Pronosition 14. II in Case04.1. 

Case ^4-2 : We assume that pk = 0{p.k) when k +oo. We take R > Rq. We 
then get with (TO that 


' (B2h(0)\UUi B2p{x^(i)^k))\B (0) 


g4fi+y) 


< c 


/B2r( 0)\B_^(0) V^-fc 


~ 1 , C 

^ ^ i+fl ay < - ^ 1+8 

|y|4+4^ 


for all fc G N. Coming back to the definition of Uk and the relabelling El, this 
proves Proposition in Case04.2. 


5. Proof of Theorem 11.21 


We prove Theorem 11.21 bv induction. We let N G N*. We say that (Hj^) holds 
if the following Proposition holds: 

Proposition (Hj,j): Let aio G (5 > 0 and A > 0. Let Uk G C‘^{B 4 s{xo)) such 
that 


A\k = 14 


(59) 


in Bisixo) and 


dx < A. 


' BisCo) 


We assume that there exists 1 < K < N, Xk = Xi^k, ■■■,XK,k € B^sixo) such that 
for any i G {1, ..., K}, we have that 


lim Xi^k = xq and lim Uk(xi^k) = +oo. 

k—*-\-oo k—*-\-(x> 
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Moreover, we assume that there exists C > 0 such that 


inf \x - Xrk\e 


< C and inf \x — Xi k\^\/S.Uk{x)\ < C (60) 


(61) 


for aH fc G N and all x € B 2 s{xk)- We assume that 

1 . I 

Inn = +00 

fc^+oo Hik 

for all i j, i,j G {1, In this expression, we have let We 

assume that 


lim {uk{xt^k + P'i,kx) - Uk{xi^k)) = In ■ 


(62) 


fe^+oo' ' " v^+|a;p 

for all X G and that this convergence holds in (^(^^(IR.^). Then, we have that 

f = lOTT^if+ o(l) 

J Bs{xo) 

when k +oo. 

We prove by induction that (Hj^) holds for all iV > 1. 

Stepl^l (Proof of (Hj^)) : We claim that (Hj^) holds. We prove the claim. We 
apply Propositionwith rt = S and pt = 0. We then get that 


lim lim / da; = 0 . 

n^+ao k^+oo (x^) 


(63) 


Plugging lIH^ . Proposition 13.II and lICTl together yields 

[ da; = 1671 ^ + o(l) 

J Bs{xo) 

when k —> +oo. This proves the claim, and therefore (Hj^). 

Step 02 (Induction): We let N > 2. We assume that (Hj^_j^) holds. We 
let {uk)k£N € C‘^{B 4 s{xo)). We assume that Uk verifies the hypothesis of (Hj,j). 
Clearly we can assume that K = N in the statement of (Hj^). Up to renumbering, 
we let 

ri^k = inf{|xi,fe - Xj^k\} = inf{|a;i,fc - Xi^k\}- 


With (linil . we get that 


We let 


lim Zl^ = +oo. 

k^+oo pi^k 


Ii = \i G {2 ,..., N}/ = 0(1) as k +oo 

I ’’i.fe 

Note here that /i 7 ^ 0. We define by induction: 

Vq+i^k = inf{|a;i,fc - Xj^k\/j ^ {1} U U U ... U /,} 


(64) 


/g+i = ■( 7 e {1,..., N}/ = ( 9 ( 1 ) as k + 00 , j ^ {1} U /i U ... U Iq 


( 65 ) 
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when these quantities are defined. Since we have a finite number of points, this 
process must end. We let go S N such that rq,k is defined for q G {1,..., go} and not 
afterwards. Moreover, for any g < go, we have that 

lim = + 00 . 

k—>+oo Tq^k 


Step\^2.1: We claim that 

lim / dx = IfiTr^ Card({l} U /i), 

where Xk = xi,k- We prove the claim. We apply Proposition 14.II with rtfc, pk = 0 
and rk = ri.fc. For R, v and (j) as in the proof of Proposition 14.11 similarly to what 
was done for the proof of (Hj^) we get that 

lim f dx = . (66) 

We fix i G {1,..., 1}. We let 

Vkix) := Uk{x^(^i)^k + Tkx) + Inrfc 

and Vk{x) := Vk{x^(i)^k +i’kx) for all x G i?R(0) and all k gN. With we have 
that 

A'^Vk = Vke^'’’’ in i34i/(0) and / dx < A. 

J B 41 , ( 0 ) 

For any j such that cj){i) < j < 4>{i + 1), we let 

_ ~ ^4>{i),k 

^j.k — • 

Tk 

It follows from the definition of (j) that lim/c^+oo Xj^k = 0 for all j G {</>(*), ..., <)>(* + 
1) — 1}. Arguing as in Step 01, and letting Ri := + 1) — 1}, we get 

that 


inf \x — Xj < C in inf \x — Xj k\^\Avk[x)\ < C 

j&Ui ' j€Ui 

for all X G i?4,y(0). For any j, m G ..., <('(* + 1) — 1}, j 7 ^ rn, we have with lUITll 

that 

when k +oo. With EH), a straightforward computation shows that for any 
j G ■■■, <(>(* + 1) ~ 1}: we have that for any x G M"', 


Vk 


(X,-fe + - VkiXj^k) ^ In 




V^ + 


when k + 00 . Moreover, this convergence holds in We then apply 

the induction hypothesis with Vk (which has at most — 1 concentration 

points) and we get that 

[ dx = f dx = + 1) — + o{l) 

'J Bur,. Bui^) 
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when k +oo. Since this inequality is valid for all i, we get with that 


lim / dx = IGtt^ + + 1) — 0(z))167r^ + o(l) 

= IGtt^ Card({l} U/i). 


This proves the claim, and then Step[3l2.1. 

and assume that 

dx = l&TT^ Card({l} U /i U ... U /,). (67) 


Step\^2.2: We let q < Qo and assume that for any i? > 0 large enough, we have 
that 


lim / 

fe^+oo 

We claim that for any i? > 0 large enough, we have that 


lim / 

We prove the claim. We let 


dx = 1671^ Card({l} U /i U ... U /,+i). 


i?o = max 


\xk Xi k\ / ■ ^ r \ 


We let pk = RiXq^k with Ri > 2i?o and = Vq+i^k- We let i G {1} U Ii U ... U Iq 
and X G B 2 s{xk) \ Bp^{xk)- We assume that i G Ip, p < q. With the definitions 
(|?^ and (El, we get that 

I I ^ |2;-a7fe| 

1^ ^ 2 

for all X G B 2 s{xk) \ Bp^^{xk) and i G {1} U /i U ... U Iq. We then get with (IHHIl that 
there exists C > 0 such that 


inf la; — Xi < C and inf \x — Xi kl"^\^Uk(x)\ < C 

for all fc G N and all x G B 2 s{xk) \ Bp^{xk). Note that 1 ^ /i U ... U Iq. We apply 
Proposition EU with Uk, Pk and rfc. Similarly to what was done in Step El 2.1, we 
get, using our induction hypothesis, that 


lim / da; = 1071^ Card(/q+i). 

k^ + OO (xfc)\Bilir,,fc {Xk) 

The claim then follows from this last equality and E3. 

Step\^2.3: With Step 02.2, we get that 

lim f Vfce4“'“(=")dx = leTT^iV, (68) 

for all i? > 0 large enough. Similarly to what what done in Step 02.2, there exists 
i?o > 0 such that for all x G Bis{xk) \ BRor„q.k{xk), we have that 

|a; — a;fc|e“''^'^^ < C and \x — Xk\^\I^Uk{x)\ < C. 

We apply Proposition 14.11 with = | and pk = Rorqg^k- We then get that 

lim f yfee4“'=(^)da; = 0. 

fc^ + OO JB^ {xk)\Bj{gr-gg^^ (Xk) 
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This limit, 16811 and Proposition 18.11 yield 

lim / = leTT^Af. 

J Bs(xo) 

This proves the quantification with N points. We have then proved that (Hj^) 
holds. 

In particular, we have proved by induction that holds for all N. 

StepOS (Proof of Theorem ll.2ll : We are now in position to prove the Theorem. 
We let Uk as in the statement of the Theorem. It follows from ProDOsitions Id.ll that 
the hypothesis of (Hj^) hold in the neighborhood of each of the points of So- As a 
consequence, we apply locally (Hj^). It then follows that 

N 

i=l 

when k +oo. And the proof of Theorem ll.2l is complete. 
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